Abstract. We study the solutions of equations of type f (D, α)u = v, where f (D, α) is a p-adic pseudo-differential operator. If v is a Bruhat-Schwartz function, then there exists a distribution Eα, a fundamental solution, such that u = Eα * v is a solution. However, it is unknown to which function space Eα * v belongs. In this paper, we show that if f (D, α) is an elliptic operator, then u = Eα * v belongs to a certain Sobolev space. Furthermore, we give conditions for the continuity and uniqueness of u. By modifying the Sobolev norm, we can establish that f (D, α) gives an isomorphism between certain Sobolev spaces.
Introduction
In recent years p−adic analysis has received a lot of attention due to its applications in mathematical physics, see e.g. [1] , [2] , [3] , [9] , [10] , [12] , [16] , [19] , [20] and references therein. As a consequence new mathematical problems have emerged, among them, the study of p-adic pseudo-differential equations, see e.g. [4] , [6] , [11] , [8] , [12] , [13] , [14] , [15] , [17] , [20] , [21] , [22] , [23] and references therein. In this paper, we study the solutions of p-adic elliptic pseudo-differential equations on Sobolev spaces.
A pseudo-differential operator f (D, β) is an operator of the form (f (D, α)ϕ) (x) = F If v ∈ S, then there exists a distribution E α , a fundamental solution, such that u = E α * v is a solution. The existence of a fundamental solution for general pseudodifferential operators was established by the second author in [21] by adapting the proof given by Atiyah for the Archimedean case [5] . However, it is unknown to which function space E α * v belongs. In this paper, we show that if f (D, α) is an elliptic operator, then u = E α * v belongs to a certain Sobolev space (see Theorem 3). Furthermore, we give conditions for the continuity and uniqueness of u. By modifying the Sobolev norm, we can establish that f (D, α) gives an isomorphism between certain Sobolev spaces, (see Propositions 1, 2 and Theorem 4). Our approach is based on the explicit calculation of fundamental solutions of pseudo-differential operators on certain function spaces and the fact that elliptic pseudo-differential operators behave like the Taibleson operator when acting on certain function spaces (see Theorems 1, 2) .
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Preliminary Results
We summarize some basic facts about p-adic analysis that will be used in this paper. For a complete exposition, we refer the reader to [18] , [20] .
Let Q p be the field of the p-adic numbers, and let Z p be the ring of p-adic integers. For x ∈ Q p , let v(x) ∈ Z ∪ {∞} denote the valuation of x normalized by the condition v(p) = 1. By definition v(x) = ∞ if and only if x = 0. Let |x| p = p −v(x) be the normalized absolute value. Here, by definition |x| p = 0 if and only if x = 0. We extend the p-adic absolute value to Q n p as follows:
We define the exponent of local constancy of ϕ(x) ∈ S(Q n p ) as the smallest integer, l ≥ 0, with the property that, for any x ∈ Q n p ,
where dx denotes the Haar measure of Q n p normalized in such a way that Z n p has measure one.
We denote by χ r , r ∈ Z, the characteristic function of the polydisc B r (0) := (p r Z p ) n . For any ϕ ∈ S, we set
, and W := W(Q n p ) to be the C-vector space generated by the functions χ r , r ∈ Z.
We note that any ϕ ∈ S can be written uniquely as ϕ L + ϕ W , where
However, S is not the direct sum of L and W. The space W was introduced in [22] , and {F (ϕ) | ϕ ∈ L} is a Lizorkin space of second class [4] .
We note that if f (ξ) is elliptic, then cf (ξ) is elliptic for any c ∈ Q × p . For this reason, we will assume from now on that the elliptic polynomials have coefficients in Z p .
be an elliptic polynomial of degree d. We will say that |f | β p is an elliptic symbol, and that f (D, β) is an elliptic pseudodifferential operator of order d.
Igusa's local zeta functions.
. . , x n ), be a non-constant polynomial. Igusa's local zeta function associated to g(x) is the distribution
for s ∈ C, Re(s) > 0, where ϕ ∈ S, and dx denotes the normalized Haar measure of Q n p . The local zeta functions were introduced by Weil and their basic properties for general g(x) were first studied by Igusa. A central result in the theory of local zeta functions established that |g| s p admits a meromorphic continuation to the complex plane such that |g| s p , ϕ is rational function of p −s for each ϕ ∈ S. Furthermore, there exists a finite set ∪ E∈E {(N E , n E )} of pairs of positive integers such that
is a holomorphic distribution on S. In particular, the real parts of the poles of |g| s p are negative rational numbers see [7, Chap. 8] . The existence of a meromorphic continuation for the distribution |g| s p implies the existence of a fundamental solution for the pseudo-differential operator with symbol |g| α p , [21] . For a fixed ϕ ∈ S, we denote the integral |g|
where
we find a covering of
2.3. The Riesz Kernel. We collect some well-know results about the Riesz kernel that will be used in the next sections, we refer the reader to [18] or [20] for further details.
The p-adic Gamma function Γ (n) p (s) is defined as follows:
The Gamma function is meromorphic with simple zeros at n + 2πi ln p Z and unique simple pole at s = 0. In addition, it satisfies
The Riesz kernel R s is the distribution determined by the function
The Riesz kernel has, as a distribution, a meromorphic continuation to C given by
with poles at n + 2πi ln p Z. In particular, for Re(s) > 0,
In the case s = 0, by passing to the limit, we obtain 
In particular, all the poles of ||x|| 
]). As element of S
ln p Z. The following explicit formula will be used in the next sections.
the numerator of Z(s, f ) which is a polynomial in p
−s with rational coefficients.
where c i ∈ C, r i ∈ Z (recall that F (χ r ) = p −nr χ −r ). The action of |f | s p on F ϕ can be explicitly described as follows:
On the other hand,
for every r i ∈ Z and Re(s) > 0. Then we have
for Re(s) > 0. Now Z(s, f ) and R ds+n have a meromorphic continuation to the complex plane, therefore this formula extends to C. Finally, since the Fourier transform establishes a C-isomorphism on W, it is possible remove the Fourier transform symbol.
The Taibleson Operator. Definition 4. The Taibleson pseudo-differential operator
As a consequence of the Lemma 4 and (2.1), one gets
The right-hand side of previous formula makes sense for a wider class of functions than S(Q p ), for example, for the class E α (Q 
Fundamental Solutions for the Taibleson Operator
We now consider the following pseudo-differential equation:
with v ∈ S, and α > 0. We say that E α ∈ S ′ is a fundamental solution of (3.1) if E α * v is a solution.
Lemma 6. If E α is a fundamental solution of (3.1), then for any constant c, E α +c is also a fundamental solution.
Proof. Let E α a fundamental solution for (3.1), then 
Theorem 1. A fundamental solution of (3.1) is
Proof. The proof is based on the ideas introduced in [21] . The existence of a fundamental solution E α is equivalent to the existence of a distribution F E α satisfying To calculate c 0 , consider the following two cases. Case α = n. We use (3.3) and the Lemma 4, i.e.,
If α > n, by the Lebesgue dominated convergence theorem, we can interchange the limit and the integral. If 0 < α < n, by taking into account that ||x||p≤1 ||x|| α−n p dx < +∞, for 0 < α < n, and by using Lebesgue dominated convergence theorem, we can exchange the limit and the integral. Therefore,
The results follow by replacing ϕ by F (
We compute the constant term, c 0 , in the expansion
v(x i ), and ||x|| p = p −v(x) , by expanding
one gets
The announced results follow by replacing ϕ by F ( ∼ ϕ), ϕ ∈ S, and using the fact that the fundamental solution is determined up to the addition of a constant (cf. Lemma 6).
In the case n = 1, the previous result is already known, see e.g. [14, Theorem 2.1]. 
Fundamental Solutions for Elliptic Operators
where L(p −s ) is the numerator of Z(s, f ).
Proof. As we mention before, the problem of the existence of a fundamental solution, E α , is equivalent to the existence of a distribution F E α satisfying
By Lemma 5,
(1 − p −n )(1 − p −dα−n ) R dα+n , ϕ ϕ ∈ W, s ∈ C. The result follows by reasoning as in the proof of Theorem 1, and
The result follows from the fact that S is dense in H l+dα . Proof. Let v ∈ S, then v = v W + v L , where v W ∈ W and v L ∈ L. Thus, in order to prove the existence of a solution u, it is sufficient to show that the two following equations have solutions:
Remark
We first consider equation (5. 
